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We investigate the dynamical nature of the collapse process of a spherically symmetric star in
quasi-static hydrodynamical equilibrium. The star collapses from an initial static configuration by
dissipating energy in the form of a radial heat flux. The dissipation ensures that the singularity is
never formed and the stellar mass completely evaporates over a finite time.
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I. INTRODUCTION
Seeking exact solutions to Einstein’s field equations, capable of describing realistic astrophysical systems, has been
an area of active research ever since the discovery of the Schwarzschild solution in 1916[1]. Various techniques and
assumptions based on particle physics, hydrostatic equilibrium and physical observations have been employed to
generate reasonably viable stellar models. At the same time, various ad-hoc approaches have also been used to
simplify the non-linearity of the field equations so as to generate solutions which are well behaved and can be utilized
to describe realistic physical processes. A comprehensive study of exact static solutions of the Einstein field equations,
based on physically acceptability, picks out a very small class of solutions that satisfy all the conditions for hydrostatic
equilibrium and causality[2, 3]. Nevertheless, in the absence of any reliable information about the physics of matter
content at extremely high density, a geometrical approach has been found to be a meaningful technique to study
compact stellar objects, a ‘natural laboratory’ for understanding particle interactions at extreme conditions. For
example, the Tikekar super-dense stellar model[4], describing the gravitational field of a highly compact spherically
symmetric star, was shown to exhibit a reasonable EOS for neutron stars. Later, this observation has prompted
many investigators to look for exact solutions capable of describing a large variety of astrophysical systems where
relativistic effects can not be ignored; thereby expanding the Tikekar model to include charge[5], pressure anisotropy[6],
quark matter[7], scalar fields[8] and higher dimensional analogues[9, 10]. Amongst many such realistic models, the
static stellar model proposed by Pant and Sah[11] is of particular interest. The Pant and Sah[11] model describes a
spherically symmetric compact star in spatially isotropic coordinates. The solution regains the well-known Buchdahl
polytrope solution[12] of index 5. The physical viability of the Pant and Sah[11] model was recently looked at in
detail by Deb et al[13] and it has been shown that the model can be utilized to describe a wide variety of compact
stellar objects including strange stars.
In this paper, we have incorporated dynamical effects into the Pant and Sah[11] model by allowing certain model
parameters to evolve with time. This has allowed us to investigate the non-adiabatic collapse of a star in a spatially
isotropic back ground space-time. In our time-dependent model, we have assumed that the star begins it collapse
from an initial static configuration by dissipating energy in the form of a radial heat flux. One regains the Pant and
Sah[11] model as the static limit of dynamical collapse process.
Although the issue of gravitational collapse was first taken up by Oppenheimer and Snyder[14], study of a more
realistic collapsing scenario in the presence of dissipative processes was possible only when Vaidya[15] provided the
metric corresponding to the exterior gravitational field of a radiating star. A formal treatment of the junction
conditions required for the smooth matching of the collapsing core to the exterior non-empty space-time was provided
by Santos[16]. These junction conditions provided the impetus for studying dissipative collapse, with much of the
early work done by Herrera and co-workers[17–25]. For a radiating collapsing star, the pressure at the boundary is
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2proportional to the magnitude of the heat flux and hence this gives rise to a temporal evolution equation for the
metric functions. As in the case of static model, various solutions for radiating stars have been found based on
physics, dynamical stability and ad-hoc assumptions. The interior space-time of these models have been generalized
to include (apart from heat flow) the anisotropic pressure, bulk viscosity, shear and the electromagnetic field[26–
52]. A comprehensive review of various approaches and analyses involving gravitationally collapsing systems may be
found in Ref. [53]. An interesting approach was adopted by Kramer[54] in which the interior Schwarzschild solution
was written in isotropic coordinates and the mass parameter was allowed to become time-dependent. The radiating
Schwarzschild-like solution had as its source term, a perfect fluid with heat flow. Since the interior was radiating
energy, the exterior was non-empty and was described by Vaidya’s outgoing metric. Kramer provided a first integral
of the boundary condition required for the matching of the interior to the Vaidya solution. Maharaj and Govender[55]
presented the full temporal behaviour of the Kramer model in terms of Li integrals. The complicated form of the
analytical solution for the temporal behaviour did not warrant a full study of the physics of the model. The present
work takes up the initiative to use the Kramer algorithm to provide a full descriptive model of dissipative gravitational
collapse.
As the collapse process begins in a massive star after exhausting all its thermonuclear fuel, prediction of the final
stage of the collapsing star becomes very much speculative in nature[56]. In fact, one of the the most outstanding
challenges in general relativity has been the prediction of the end state of a gravitational bounded system. In
the context of Cosmic Censorship Conjecture(CCC), the general relativistic prediction is that such a collapse must
terminate in a black hole; though there are several counter examples where it has been shown that a naked singularity
is more likely to be formed[53]. In our dynamical model, we show that as the star begins its collapse from an initial
static configuration with acceptable physical conditions, the dissipation process ensures that the singularity is never
formed. Actually, the stellar mass completely evaporates over a finite time.
Our paper has been organized as follows: In Sec. II, we have laid down the equations governing collapse in spherically
symmetric and spatially isotropic coordinates. For a radiating star, the exterior space-time is appropriately described
by the Vaidya metric[15] and the junctions conditions joining the interior and the exterior regions have been obtained
in this section. By introducing a time dependent variable in the Pant and Sah[11] model, we have developed a
dynamical model of the radiating collapsing star in Sec. III. In Sec. IV, we have studied the physical behaviour of the
evolving star and in Sec. V we have investigated the thermodynamics of the collapsing star within the framework of
extended irreversible thermodynamics. Some concluding remarks have been made in Sec. VI.
II. INTERIOR AND EXTERIOR SPACE-TIMES:
We write the interior space-time of a spherically symmetric shear-free collapsing star in spatially isotropic coordi-
nates as
ds2− = −A2(r, t)dt2 +B2(r, t)[dr2 + r2(dθ2 + sin2 θdφ2)]. (1)
We assume that the material composition filling the interior of the collapsing object is a perfect fluid with out-flowing
radiation and accordingly we express the energy-momentum tensor in the form
Tij = (ρ+ p)uiuj + pgij + qiuj + qjui, (2)
where ρ is the energy density, p is the isotropic fluid pressure, ui = (1/A)δi0 is the time-like 4-velocity of the fluid and
qi = (0, q, 0, 0) is the heat flux vector which is orthogonal to the velocity vector so that qiui = 0. The Einstein’s field
equations describing the dynamics of the system are then obtained as
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3Combining Eqs. (3) and (4), we get
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which is the pressure isotropy equation.
The exterior space-time, in the presence an outgoing flux of radiation around the spherically symmetric collapsing
matter source, is described by the Vaidya[15] metric
ds2+ = −
(
1− 2m(v)
r
)
dv2 − 2dvdr + r2[dθ2 + sin2 θdφ2], (7)
where, the mass function m(v) is a function of the retarded time v. Assuming that Σ divides the space-times into
two distinct regions, the junction conditions joining smoothly the interior space-time (1) and the exterior space-time
(7) across Σ forming the boundary of the star are obtained as[16]
pΣ = (q)Σ, (8)
mΣ =
[
r3BBt
2
2A2
− r2Br − r
3B2r
2B
]
Σ
, (9)
where mΣ is the total mass within a sphere of radius rΣ.
III. GENERATING DYNAMICAL SOLUTIONS
Note that in Eq. (1), the metric potentials A(r, t) and B(r, t) are yet to be specified. To generate a viable dynamical
model, let us assume that the system begins its collapse from an initial static configuration (A0(r), B0(r)). For the
initial static configuration, we choose the Pant and Sah[11] solution which describes the interior space-time of a static
spherically symmetric star in isotropic coordinates. In our construction, we generalize the Pant and Sah[11] solution
so as to develop a viable model of a collapsing star. We note that Eq. (6) admits a solution
A(r, t) =
a(1− α(r)k(t))
(1 + α(r)k(t))
, (10)
B(r, t) =
(1 + α(r)k(t))2
(1 + r2/R2)
, (11)
for an arbitrary k(t), where
α(r) =
√
1 + r2/R2
1 + λr2/R2
. (12)
Obviously, the static limit of the model is obtained by setting k(t) = K, a constant (i.e., k˙ = 0). For an evolving
system, we need to determine k(t) which can be obtained by solving the junction condition (8). The resultant ‘surface
equation’ in this construction turns out to be highly non-linear in nature and extremely difficult to solve. However, it is
possible to generate an approximate solution of the equation by setting k(t) = K+ ǫh(t), with 0 < ǫ << 1. Neglecting
terms O(ǫ2) and noting that pressure at the boundary of the initial static star vanishes, the surface equation then
assumes a simple form
µh¨+ νh˙+ ηh = 0, (13)
where µ, ν and η are constants evaluated at the boundary Σ and are given by
µ = −
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4Eq. (13) is easily solvable and the most general solution of the equation can be written as
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where C and D are integration constants.
We assume that the collapse begins in the remote past t → −∞ from an initial static configuration as the star
loses its equilibrium. This implies that we must have k(t → −∞) = K, where K is a constant as described in the
static Pant and Sah[11] model. For a collapsing (contracting) sphere, without any loss of generality, we set D = 0
which ensures that k˙, h˙ < 0. On top of this, for real values of h(t), we need to fix the model parameters so that the
condition ν2 ≥ 4µη is satisfied.
Subsequently, from Eqs. (3)-(5), the energy-density, pressure and heat flux density are obtained as
ρ(r, t) = ρs(r) +
12ǫα
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correspond to the density and pressure of the initial static configuration.
From (9), the total mass m(r, t) within a radius r ≤ rΣ at any instant t is obtained as
m(r, t) = ms(r) +
2ǫR(1 + λ+ 2Kα3λ)
[
(α2 − 1)(1− α2λ)] 32 h(t)
α3(1 − λ)3 , (21)
where,
ms(r) =
2R(1 +Kα3)(1 +Kα3λ)
[
(α2 − 1)(1− α2λ)] 32
α6(1− λ)3 , (22)
is the mass of the initial static configuration.
Let b be the radial distance where the pressure of the initial static star vanishes, i.e., ps(r = b) = 0. The physical
radius b0 of the initial static star can then be obtained from the relation (see [13])
b0 = b
(
1 +
ms(b0)
2b
)2
. (23)
Matching the static interior solution to the Schwarzschild exterior at the boundary, we obtain
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.
Eqs. (23)-(26) can be utilized to fix the model parameters for a specific choice of mass and radius of the initial static
star.
IV. PHYSICAL ANALYSIS
In order to analyze the physical behaviour of the collapsing model, let us now assume that the star begins its
collapse from an initial static configuration of mass ms = 5 M⊙ and physical radius b0 = 15 km. Setting λ = 20,
we determine the model parameters as b = 4.7808 km, R = 10.5828 km, a = 4.5958 and K = 1.9386. Assuming
C = −100 and ǫ = 0.1, variations of k(t) and k˙ have been shown in Fig. (1) and (2), respectively. Evolution of total
mass m(rΣ, t), proper radius (Br)Σ, heat-flux q and surface density ρ(rΣ, t) of the collapsing matter have been shown
in Fig. (3) -(6), respectively. With the evolution of time, the total mass m(rΣ, t) starts decreasing from its initial
value of 5 M⊙ and eventually becomes zero over a finite time (Fig. 3). Similarly, the radius also shrinks to zero over
a finite time (Fig. 4). Though, in this model, the ratio 2m(r, t)/(rB) is time dependent; it is interesting to note that
singularity is never formed and the stellar mass completely evaporates over a finite time. Similar results may be found
in Ref. [31].
V. THERMAL EVOLUTION
Let us now investigate the thermal evolution of the collapsing system generated in Sec. III. It is well known that
the Eckart formalism of thermodynamics suffers many pathologies, some of which include super-luminal propagation
velocities for the dissipative fluxes as well as the prediction of unstable equilibrium states[57]. Gravitational collapse
of a stellar object is dissipative in nature and is usually accompanied by heat generation via neutrino emission or
free-streaming radiation. Various investigations have shown that relaxational effects predict higher core temperatures
and significantly different luminosity profiles when compared to their non-causal counterparts[58–61]. In order to
study the impact of the relaxational effects brought about by the heat flow, we will employ the truncated causal heat
transport equation[45]
τhi
j q˙j + qi = −κ(hij∇jT + T u˙i), (27)
where κ is the thermal conductivity, u˙j = uj;iu
i and hij = gij + uiuj is the projection tensor and τ is the relaxation
time. We obtain the Eckart temperature by setting τ = 0 in (27). We assume that the neutrinos are thermally
generated within the stellar core with energies of the order of kBT . At neutron star densities, neutrino trapping
takes place via electron-neutrino scattering and nucleon absorption. The mean collision time for thermally generated
neutrinos is given by
τc ∝ T−3/2, (28)
to good approximation[62]. Following (28) we adopt a power-law dependence for the thermal conductivity and
relaxation time:
κ = γT 3τc, τc =
(
α
γ
)
T−σ, (29)
where α ≥ 0, γ ≥ 0 and σ ≥ 0 are constants. We further assume that the relaxation time is directly proportional to
the mean collision time
τ =
(
βγ
α
)
τc (30)
where β (≥ 0) is a constant. The causal transport equation (27) together with the above assumptions reduces to
β(qB)˙T−σ +A(qB) = −αT
3−σ(AT )′
B
(31)
6where the Eckart temperature T0 is obtained by setting β = 0 in (31). In the case of constant collision time (σ = 0)
we are in a position to write down the solution to (31) as
(AT )4 = − 4
α
[
β
∫
A3B(qB),tdr +
∫
A4qB2dr
]
+ F (t), (32)
where F (t) is an arbitrary function of integration. The function F (t) can be determined from the effective surface
temperature of a star as given by
(
T 4
)
Σ
=
(
1
r2B2
)
Σ
(
L∞
4πδ
)
, (33)
where L∞ is the total luminosity at infinity and δ (> 0) is a constant.
Making use of the solution generated in Sec. III and for the particular case considered in Sec. IV, we have plotted
the temperature within the collapsing stellar core as a function of time in Fig. (7)-(10). Fig. (7) exhibits the non-
causal temperature at the centre of the collapsing star. As expected, the temperature decreases monotonically with
time. Fig. (8) shows the causal temperature profile at the centre of the star as a function of time. A comparison of
Fig. (7) and (8) shows that the causal temperature is always greater than the non-causal temperature. A comparison
of Fig. (9) and (10) clearly demonstrates that the casual temperature dominates its non-causal counterpart at the
surface as the collapse proceeds. It is clear that relaxational effects contribute to the enhancement of the temperature
at each interior point of the collapsing star. It is interesting to note that even though our model is based on a weak
heat flux approximation (0 < ǫ << 1), relaxational effects lead to very different outcomes for the temperature.
VI. DISCUSSIONS
In our work, we have generated a dynamical solution from the static stellar model of Pant and Sah[11] to investigate
the nature of dissipative collapse. This has been achieved by allowing a constant parameter in the static model to
evolve with time. The resulting dynamical model is a radiating collapsing star with heat conduction enveloped by
a radiation atmosphere. Though in our construction, the star begins its collapse from an initial static configuration
described by the Pant and Sah[11] model, unlike many previous models describing collapse from an initial static
configuration, the usual method of assuming metric separability in their variables r and t has not been adopted in
our approach. Secondly, the back ground space-time has been couched in spatially isotropic coordinates. The static
model of Pant and Sah[11], as analyzed by Deb et al[13], has the following key features: (1) ρ > 0, p > 0; (2) ρ′ < 0,
p′ < 0; (3) dp/dρ < 1. This implies that the collapse begins from a physically acceptable initial configuration which
includes the fulfillment of (at least) the weak energy condition. The collapse is found to proceed without formation of
an event horizon as it radiates all its mass energy over a finite time. We have also studied the thermodynamics of the
collapsing star within the framework of extended irreversible thermodynamics. Our results confirm earlier findings
(through various different approaches) that relaxational effects can significantly alter the physical characteristics such
as the temperature of the collapsing system.
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FIG. 1: Evolution of k(t).
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FIG. 2: Evolution of k˙.
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FIG. 3: Evolution of mass m(rΣ, t).
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FIG. 4: Evolution of physical radius rΣB(r, t).
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FIG. 5: Evolution of heat flux q(rΣ, t).
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FIG. 6: Evolution of surface density ρ(rΣ, t).
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FIG. 7: Non-causal temperature profile at the centre
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FIG. 8: Causal temperature profile at the centre
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FIG. 9: Non-causal temperature profile at the surface
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FIG. 10: Causal temperature profile at the surface
